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B. Gooderum

A generalmethodforcalculatingtheinitialtangentsof contours
of constantdensity,pressure,andMachnumberbehinda curved,axially
symmetricshockwavehasbeenderived.Initialfangentsof densitycon-
toursareobtainedthatfairwellintocontoursdeterminedfrominter-
ferogramsfortheflowabouta sphereatMachnuniber1.62. Streamlines
andcontoursof constantMachnumberthroughoutthisflowfieldhave
alsobeendeducedfromcontoursof constantdensityobtainedby inter-
ferometry.Theflowfieldobtainedfromtheshockwaveby themethod
ofcharacteristicsiscomparedwiththatobtainedby interferometry.

production

Variousphasesoftheproblemofflowsbehindcurvedshockwaves
havebeentreatedtheoreticallybymanyinvestigators.Crocco,ina
pioneerpaper(reference1),investigatedtwo-dimensionalflowbehind~
a curvedattachedshockwave. Significantcontributionsweremadelater
by Maccoll,Drougge,andGuderley.Maccoll(reference2) calculated
theflowaroundvariousbodieswithdetachedshockwavesatnear-sonic
velocities.Drougge(reference3) calculatedthepressuredistribution
onconicaltipswithdetachedshockwaves.Guderley(reference4)
investigatedthetransitionbetweenflowwitha detachedshockwaveand
flowwithan attachedshockwave. Thomas,in a seriesofpapersof
whichreference5 isrepresentative,consideredthecurvatureof attached
shockwavesandthepressuredistributiononbodiesbehindattachedshock
waves.LinandRubinov(reference.6) obtainedgeneralrelationsforflow
behindcurvedshockwavesanddevelopeda methodforcalculatingthesub-
sonicflowbetweentheshockwaveandthebody. Thismethodwasapplied
by Dugundji(reference7) to calculatetheTreasuredistributionalong
theaxisbetweena sphereanda shockwave. Busemann(reference8)
reviewedanalyticalmethodsforthetreatmentoftwo-dimensionalflows
withdetachedshockwavesand&Lscussedthemainfeaturesof~eQd
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2 NACATN 2411

subsonicandsupersonicflows.Ferri(reference9) presenteda method
forobtainingthepressuredragintwo-dimensionalor axiallysymetric
flowbehinda detachedshockwavewhenthelocationandshapeofthe
shockwaveareknown.Moeckel(refefince10)gaveanapproximatemethod
forpredictingtheformandthelocationof detachedshockwaves.

Expertientalinvestigationsoftheflowbehindcurvedshockwaves
includetheinvestigationbyLadenburg,VanVoorhis,andWinckler
(reference11)whodeterminedthedensitycontoursaroundmious axi-
allysymmetricbodiesatMachnuniber1.7. Thepresentauthorsinrefer-
enceU presenteddataontheshapeandlocationof detachedshockwaves
on conesandspheresovera rangeofMachnumbersfrom1.17to 1.81. In
reference13interferogramsoftheflowarounda sphereatMachnum-
bersL 30and1.62wereevaluated;thecontoursof constantdensity
ratiointhefluwfieldaroundthesphereweredetermined.However,the
initialtangentsofthedensitycontourscouldnotbe obtainedaccu-
ratelyfromtheinterferogrambythemethodof analyzinginterferogrsms
thatwasusedinreference13.

Thepurposeofthepresentpaperis ta presenta methodforcalcu-
latingtheinitialtangentsofthecontoursofflowvariablesimedi-
atelybehinda curved,sxiallysymetricshockwavewhenthelocation
andshapeoftheshockwaveareknown.ThismethodwasusedInthe
presentpaperto obtaintheinitialtangentsofthedensitycontoursin
theflowfieldarounda sphe=atMachnumber1.62. Streamlinesand
contoursof constantMachnumberintheflowbehindtheshockwavehave
alsobeenobtainedfromthedensitycontoursofreference13. Theflow
fieldinpartofthesupersonicregionbehindtheshockwavehasbeen
computedbythemethodof characteristics(reference14)andtheresults
comparedwiththoseobtainedfromtheintetieros

SYMBOLS

a

A

b

CP

CT

D

velocityof sound

cross-sectionalarea

coordinateinplaneofbinormal

specificheatatconstantpressure

specificheatatconstantvolume

diameterof sphere

.
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distanceto focus
of shockwave

logarithmtobase

Machnumber

coordinatenormal

pressure

of streeailinedirectionsdueto

e

to directionof streamline

radiusof curvatureof streamline

radiusof curvatureof shockwave

entropy

changeinentropy
(s- ‘o)

coordinatetangentialto directionof streamline

totaltaperdistanceofelementof stresmtube

taperdistanceofelementof streamtubeinplane
binormal

taperdistanceofelementof stresmtubeinplane

3

curvature

of

of
normal

Velocity

coordinate

coordinate

indirectionof sxisof symmet~

normalto axisof symmetry

ratioof

angleof

angleof

specificheats
(~1+

detiationofflowacrossshockwave

shockwave

anglebetweendirectionofx-axisandinitialtangentof
contourof constantMachnumber

anglebetweendirectionofx-axisandinitialtangentof
contourof constantpress~
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4 NACATN 2411

ep anglebetweendirectionofx-axisandinitialtangentof
contourof constantdensity

II ratioof stagnationpressures
(1)

% %0

P density

a coordinatealongshockwave

Subscripts:

s stagnation

o freestream

SHOCKWAVE ‘

In orderto applythemethodof calculatingtheinitialtangents,
thatisdevelopedinthepresentpaper,thelocationoftheshockwave
andthevariationalongtheshockwaveofboththeslopeandtheratius
of curvaturealongtheshockwavemustbe known.Whenthelocationand
theslopevariationoftheshockwaveareknown,thestreamlinescanbe
obtainedandthemethodof characteristicscanbeusedto determinethe
flowfield.Thepresentsection,therefore,isa discussionoftheshock
wave,itsfirstandsecondderivatives,anditsradiusof curvature. .

Figure1,whichistakenfromfigurek(b)ofreference13,isthe
interferogramfromwhichthecoordinatesofthebowshockwaveandthe
otherexperimentalresultsareobtained.Thisinterferogrsmshowsthe
flowabouta sphereata free-streamMachm.miberof 1.62. Thefree-
stresmstagnationtemperaturewas533.1°F absolute,andthefree-stresm
densitywas0.C03501slugpercubicfoot.Therimshockwavefromthe
edgeofthenozzleis shownintheupperleft-handcorneroftheinter-
ferogrsm.Thisshock~ve isveryweak,asthefringedisplacement
acrosstheshockwaveisverysmallandtheshockwavelieswithin1°
oftheMachangle.Becauseoftherimshockwave,however,andthenear-
nessoftheedgeofthejet,theportionofthebowwaveofthesphere
betweentherimshockwaveandtheedgeofthejetwasconsideredtobe
notsufficientlyaccurateandwasnotused(exceptforcalculatingone
oftheinitialtangents;nsmely,thecontourof constantdensityratio
of 1.5).Thelocationoftheportionofthebowshockwavebetweenthe
rimshockwaveanda positionneartheaxisof symmetrywascarefully
measuredandis showninfigure2,where y isthenormaldistancefrom
thesxisof symmetry,x isthedistancealongthesxisfromtheinter-
sectionoftheshockwaveandtheaxis,and D isthedismeterofthe

—. ———. . . — —.



NACATN 2411 5

sphere.Becauseofthedifficultyofmakingveryaccuratemeasurements
neartheaxiswheretheslopeoftheshockwaveisverylarge,thepart
oftheshockwaveneartheaxishasbeenshownasa dashedline.

Thevariationoftheslopeoftheshockwaveisgiveninfigure3.
Thiscurvewasobtainedby firstreadingy atvaluesof x that
increasedby stepsof0.1,andthendeterminingAy,theincrementin y
forthegivenincrementAx in x. Neti &/Ay wasplottedagainsty.
Thevalueof x wascomputedby findingtheareaundereachsmallpor-
tionofthecurve.Ifthevalueof x soobtainedcheckedcloselywith
themeasuredvalueof x,withinapproximatelyonepartina thousand,
thenthecurveof Ax/Ay wastakento be correct.Ifthecheckwasnot
close,thecurvewasrefaireduntila closecheckwasobtained.Then
pointswerereadfromthecurveof Ax/Ay andwereusedforplotting
thecurveof dy/dx showninfigure3.

Thevariationof d2y/& wasobtainedina
-r

quantity h mwasplottedagaihst~ and
A(&/Ax)

untilintegrationgavetheoriginalvalueof X,

similarmanner.tie
thecurvewasrefaired

~$hin approximately

(324‘%D withthreepartsina thousaud.Thevariationof - — ‘; is
showninfigurek.

Fromthevariationofthefirstandthesecondderivatives,the
variationoftheradiusof curvatureoftheshockwavewascalculated.
Theradiusof curvatureobtainedbythismethod,however,isnotvery
accurate.Errorsinthelocationandintheslopeoftheshockwaveare
magnifiedinthesecondderivativeand,therefore,intheradiusof curva-
ture. In orderto reducethem’certaintyintheradius,theshockwave
ontheothersideofthesxis(mostofwhichisnotshowninfig.1,but
whichisincludedintheoriginalinterferogrsmfromwhichfig.1 was
taken)wasmeasuredanditsderivativeandradiuswerecalculatedand
plotted.Theradiusagreedfairlywellwiththatobtainedfortheother
sideofthesxis.Furthermore,witha mechanicaldeviceanda verylarge
reproductionoftheinterferogram,thenormalstotheshockwave,the
envelopeofthenormals,andthenthevariationoftheradiusofcurva-
turealongtheshockwavewereobtained.Theseresultsagreedrather
wellwiththecalculatedvalues.A
radiusof curvaturealongtheshock
throughthemeasuredpointsandthe
theaxisisgiveninfigure5.

curveshowingthe
wavethatresults
calculatedpoints

variationofthe
fromfairing
onbothsidesof

–..— —— -. .-



6 NACATN 2411

RESULTSANDDISCUSSION

InitialTangentsofContoursofFlow

Inreference13theinterferogrsmoffigure

Variables

1 wasanalyzed
obtainthecontoursof constantdensitybehindtheshockwave.
contoursareshowninfigure6, whichistakenfromfigure5(b)

to
These
of

reference13. As wasexplainedinreference13,theanalysisdidnot
giveaccuratelythecontoursintheregionimmediatelybehindtheshock
wave. Forthatreasontherewasa gapinfigure6 betweenthebeginning
ofeachcontourandtheknowntheoreticalpointwheretheshockwaveand
thecontourshouldintersect.Thepurposeofthepresentsectionisto
fillinthesegapsby gitingthetheoreticalvaluesofthetangentsof
thecontoursattheshockwave.

Theanalysisforfindingtheinitial.tangentsoftheflowvari-
ablesisgivenindetailinappendixA; however,themethodis
describedbrieflyinthepresentsection.Thepressureimmediately
behinda curvedshockwavevariesalongtheshockwave. Therateof
variationisobtainedby differentiatingalongtheshockwavethewell-
knowpequationforthepressureratioacrossanobliqueshockwave.The
generalrateofpressurechangeinanyUrectionatanyplaceinthe
flowfield- includingtheonealonga shockwave- maybe represented
by thetwobasicpressurederivatives,n=ely,inthedirectionofthe
tangenttothestreamtubeandinthedirectionofthenormaltothe
stresmtube. Therefore,therateofpressurechangealongtheshock
waveis (appendixA)

d logp ~ logp+ sin(e- ~,a logp—=
da‘

COS(G- 5)
at h (1)

d 1% P, ~Equation(l),withlnmwnvaluesof c, 8, and da s onerela-
tionbetweenthetwopressurederivatives.Anothe=-relationisalso
needed.

Thetangentialrateof phangeofpressureresultsfromthetangen-
tialrateofchangeofvelocitythatisnecessarytomeettherequire-
mentof continuitywhenthereisa changeinthecross-sectionalarea
oftheflow,andisgivenbyNewtonfssecondlawofmotionas

ap _ -Pv ~

at at

. .———— ——
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.
or

a log~ _ 7M? b logA
at ~.$ at

Theotherbasicrateof changeisnormaltothe
centrifugal.force

ap _..& .x- R

or

7

(2)

flowandbalancesthe

(3)

An equationthatrelatesthetwopressurederivativescanhe
obtainedfromequations(2)and(3)by fintingtherelationbetween
b 10RA
at and R, asfollows:At everypointontheshockwave,the

localslopeoftheshockwavedeterminestheinitialstreamlinedirec-
tionbehindtheshockwave. Inasmuchasthereis alwaysa pointatthe
shockwavewherethestreamlineshaveno initialcurvature,thatpoint
maybeusedfororientation,andtheinitialtangentsofthestreamlines
maybe consideredratherthanthest~smlinesthemsel=s.Becausethe
shockwaveiscurved,miccessiveinitialtangentsofthestreamlines
behindtheshockwavearenotparalleland,therefore,ifextended,con-
vergeto a focus(orinlargerextentto anenvelope)inthefocaldis-
tanceF (fig.7). Ifthestreamlineswerestraight,thefocaldis-
tance F woulddeterminetherateof changeof cross-sectionalareaof
thestresmtubesandtherateofpressurechangealongthestreamtube.
Contoursof constantpressurewouldbe concentriccirclesaroundthe
focus(ortheevolutesoftheenvelope).Sincethepressureatthe
shockwaveisknownandsincetheentropyistiownandisconstantalong
a streamtube,therearetwoindependentwaysofcalculatingtherateof
pressurechangealongthestreamtube,onefromthegivenpressurecon-
toursandtheotherfromcontinuityinsidethestreamtube. Thesetwo
methods,however,willagreeforthetentativelystraightstreamlines
onlywhenthecurvatureoftheshockwaveandthedistancefromthesxis
of symmetryha~en tohave,fortuitously,thenecessaryvaluesforagree-
ment. In allothercases,a finiteinitialcurvatureofthestreamlines
hastomodifytherateof changeof areaandto shiftthecontoursof
constantpressureinsucha waythatthetwomethodsgivethesame
reSuit.Idfigure8 theinitialcurvatureof a streamlineisindicated.
In appendixA thedetailsaregivenoffindingtherelationbetweenthe
initialradiusofcurvatureR ofthestreamlineandtherateofchange

— —
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.
of areaofthestreamtube.Thisrelationisthenusedwithequa-
tions(2)and (3) to obtainthefollowingequationbetweenthetwopres-
surederivatives:

#-la10gp+g.Fcsc(G-5)~ (4)
YM? at Y

Equations(1)and(4)forma systemoftwoequationsintwo
unknownsandcanbe solvedfortheunknowns,thepressurederivatives.
Thentheeffectofentropyvariationalongtheshockwavecanbetaken
intoaccountto obtainexpressionsforthedensityderivativesandthe
Machnumber(ortemperature)derivatives.

Whenthetwoderivativesof a flowvariableareknownata point
ontheshockwaveinperpendiculardirections,theycanbe addedvecto-
riallyto findthedirectionofthemaximumrateof changeofthevari-
able.Normaltothatdirection,then,isthedirectionof zerorateof
change,whichdefinesthetangentofthecontourofconstantvaluefor
thevariableunderconsideration.

Thefinalresultsaregivenbythethreefollowingequations,in
which 6 istheanglebetweenthedirectionofthex-axisandthein~-
tialtangentofthecontourof constantvalueofthevariableindicated
bythesubscripton 6’ (theangle 8 isconsideredpositivewhenmeas-
uredcounterclockwisefromthedirectionofthex-axis):

(5)

. - ..— ——. .—
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% sin(6.8) sin 5+ J- cot(6. 8) LQ-2+Z! E

tan(ep - 5)= Y 7$ ZkZk *
2tan(6-8) ~ sin(6-8)sin EI+~ tsa(6- 8)W+=-y b8 7-.11- (#- l)tE#(Q-6)b 10g H. ~

AU(6-8) a6 E
(6)

.

The points on the shock wave where the contours of constaat density should intersect the
shock wave are & from the shock-wave an&le. The directions of the tanuents of the density
contours have been calculated for these ~i~ts by equation (6). me re~l~s m Sh% in the

. followlng table, which gims the value of the density ratio for a contour, the point on the
shock wave where the contour should met the shock wave, ad the cal.cd,ated valueE of 9P at
that mint:

Density
Y?atio, x/D ‘P

PIP() (deg)

2,0 0,046 64
1.9 .097 39 ~
1.8 .168 11
1.7 .309 -27
1,6 .508 -70
1.5 .823 -95 w
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Thetangentsarealsoindicatedinfigure6 bytheshort,straightlines “
thathavebeendrawnthroughtheshockwave. Theinitialtangentsgiven
by theanalysisfitwellbetweentheexperimentallydeterminedcontours t
andtheknownpointswherethecontoursshouldintersecttheshockwave.

StreamlinessndContoursofConstantMachNumberDetermined

fromlknsityContours

Theonlyknownquantityintheflowfieldbehindtheshockwave,
exceptattheshockwaveand-atthesurfaceofthesphere,istheden-
sity,asgiveninfigure6. Thevaluesoftheotherstatevariablesof
thegasarenotimmediatelylmmwnbecauseofthevariationalongthe
shockwaveoftheentfipybehindtheshockwave. Thestresailines,as
thecontoursof constantentropy,canbe found,however,by a graphi.
calmethodthatisbasedon satisfyingcontinuityalonga streamtube.
Thelocalcross-sectionalareaof a stresmtubecanbe expressed,if
itsentropyisgiven,intermsofknownquantitiesinthefreestream
andthelocalvaluesof densityandstagnationdensity.Thefirst
stresmtubeisconstructedby takingtheaxisandthesurfaceofthe
sphereasa streamline.Localvaluesof density,asgivenby figure6,
md theaveragevalueof stagnationdensityforthestresmtubeareused
to calculatelocalvaluesofcross-sectionalarea.Then,adjacent
stresmtubesareaddedin sequence.Themethodisdescribedin detail
inappentiB.

Fromthestreamlinesandthedensitycontours,theotherflowvarf-
ablescanbe found.Inthepresentcase,thecontoursof constantMach
numberwere‘found.Theresultsareshowninfigure9, wherethedensity
contourstakenfmm figure6 are shownbytheheavysolidlines,the
streamlines,by thelightsolidlines,andthecalculatedMachnumber
contours,by thedashedlines.

StreamlinesandContoursofConstantDensityandMachNumber ‘

DeterminedbyMethodofCharacteristics

Contoursoftheflowvariablesinpartofthe‘flowfieldbehind
theshockwavewerecalculatedby them6thodof characteristics.The
partoftheflowfieldforwhichresultscanbe obtainedis quite
limitedinextent.Theflowfieldislimitedononesidebythesub-
sonicflowinfrontofthesphereandontheothersideby thefactthat
thelocationandshapeofthebowshockwavearenotknownaccurately
enoughforusebeyondthenozzle-rimshockwave. Themethodusedwas
thatgivenbyFerri(reference14). Theonlydataneededforthecalcu-
lationswerethefree-streamconditions,thecoordinatesoftheshock

— .———— ——. —— —.—



NACATN 2411 11

wave(fig.2),andthevariationoftheslopeoftheshockwave(fig:3).
Thecalculationsweremadewiththel.ellTelephoneLaboratoriesx-66744
relaycomputerattheLangleyLaboratory.An attemptto obtaingood
accuracyintheresultswasmadebyusingfairlysmallincrements
(Ay ontheshockwaveapproximatelyequalto O.04D)to givea network
of characteristicsthathada smallmeshandby reiteratingeachstep
oftheprocess.Theresultsareshowninfigure10. Contoursof con~
stantratioofdensityto free-steamdensityareshowninfigure10(a),
wherethecontoursobtainedby interferometryarealsoreproducedfrom
fi~re6. Contoursof constantMachnumberareshowninfigure10(b),
whichalsoshowstheMachnumbercontoursobtainedby satisfyingconti-
nuity,transferredfromfigure9. Streamlines,or contoursof constant
entropy,obtainedbythemethodofcharacteristicsareshdwninfig-
ure1O(C),togetherwiththosetakenfromfigure9.

Thecontoursobtainedbythemethodof characteristicsandthecon-
toursobtainedfromtheinterferogramdonotagreeverywell. Actually,
however,theagreementisperhapsasgoodasmightbe expected.In
derivinganaxiallysymmetricflowfieldfromexperimentalmeasurements,
resultsthathaveanextremelyhighdegreeof accuracyaredifficultto ‘
obtain.Inthepresentcase,theresultsobtainedby themethodof
characteristicshavesomesmallpercentageofuncertaintybecauseofthe
finitesizeofthemeshofthecharacteristicsnetwork.Theanalysisof
aninterferogrsmof axiallysymnetricflowmustalsobemadeverycare-
fullyinorderto obtainresultsinwhichtheuncertaintyisverysmall.
Inreference13,fromwhichtheinterferometricresultsweretaken,the ,
estimatesmadethattheuncertaintyinthelocationof anycontour
doesnotexceedplusorminusapproximatelyone-halfthedistance
betweentheadjacentcontours.Thissmountofuncertainty,whichis
onlyabout3 percent,iSjust.aboutequaltothediscrepancybetweenthe
resultsobtainedby thetwomethods. .

. Thefactthatthestreamlinesarestrai~tintheonlyregionofthe
flowinwhichthemethodof characteristicscouldbe appliedisentirely
fortuitousinthesensethatthecurvatureoftheshockwaveand’the
distsnceto theaxisforthisregionaresuchthatthestreamlinesare
straight.

CONCLUDINGREMARKS

A methodofcalculati&theinitialtangentsof contomsof con-
stantdensity,pressure,andMachnumberat a curvedsymmetricalshock
wavehasbeenderived.Themethodgivestangentsof densitycontours
thatfairwellbetweenthecontoursobtainedby interferometryandthe
kncnmpointsof intersectionontheshockwave.

-- . .—- .— .—.—-——-— —---——



12 NACATN 2411

Thestreamlinesoftheflowabouta sphereatMachnumber1.62have ‘
beendeducedfromexperimentallydeterminedd&nsitycontoursby satis-
fyingtherequirementsof continuityalonga stresmtube. .

Partoftheflowfieldszwundthespherewasalsoobtainedfroma
knowledgeoftheshockwaveby applyingthemethodofcharacteristics.

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

Langl&yField,Vs.,April 12, 1951

,
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CALCUUTIONOF INITIALTANGENTS

OF CONTOURSOFFLOWVARIABLES

Theproblemisto findthetangentsofthecontoursof constant
pressure,density,andMachnumberkediatelybehindanaxiallysym-
metriccurvedshockwave. Thesolutiongivenherewasobtainedbyusing
ideasandsuggestionsofDr.A. BusemannoftheLangleyLaboratory.

A curved,axiallysymmetricshockwaveina uniform,steady,super-
sonicfreestesmisconsidered.Thelocationof sucha shockwavecan,
becauseof~ial symnetry,be completelygivenby twovariables,and
theshockwavedanbe drawnasa curveina meridianplane.Thelocal
slopeoftheshockwavewithrespectto thefree-streamdirectionof
flow,togetherwiththestateofthegasinthefreestream,completely
determinestheinitialstateofthegasandtheinitialtangenttothe
directionofthestreamlineatanyandeverypointonthedownstream
side-oftheshockwave.Inparticular,thepressureisgivenby the
equation

P“— = * Mo2sin26-- ‘Po
(Al)

Becausetheshockwaveiscurved,thelocalslope,theflowvariables,
andtheinitialtangentto thestreamlinesvaryalongtheshockwave.
Inparticular,therateofchangeofpres%urealongtheshockwaveis
obtainedfromequation(Al)as

d logp ds2y~2sin-&cose (A2)
da = ~7%2sin2~ - y - 1

2

Anotherwayofviewingthepressurechangealongtheshockwaveis
thefollowing:Therateofpressurechangeinanydirectionatany
pointina flowfield- forexsmple,alonga shockwave- isthesumof
thecomponentsinthatdirection“ofthetwobasicratesof change.One
ofthesebasicratesofpressurechan$eliesint,hedirectiontangent
tothedirectionofflow.This.tangentialrateofch~-e resultsfrom
anytangentialrateofchangeofvelocitythatmaybe necesssrytomeet
therequirementsof continuitywhenthereisa changeinthecross-
sectionalareaoftheflow. It isgiven.byNewtonfssecondlawof
motionas

ap av -
3Z=-P%

,

1

. . —.———z . -— —. — -—-—..- - .—-——-—— —. . . . — ——-.
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By usingtherelations

and

p+~2 .
7P

theequationcanbewrittenas

alogp= 71.? Uog A
at ~.$ at

Theotherbasicrateofpressurechangeisnormalto theflow
direction,balancescentrifugalforce,andis

ap_ ‘p&
an ‘~

or

a log~ = 7M2
an R

(A3)

(A4)

At anypointontheshockwave,therateof ch~geofpres~~ alongthe
downstreamsideoftheshockwaveisthesumofthecomponentsalongthe
shOckwaveOf appt =d ap~n, thatis,

d logp= ~os(~- ~,a 10gp a logp+ sin(e- 5) an
da at

(A5)

Anotherrelationbetweena logp ~d
at

$i~ CA=be obtainedby findingfirsta
K and R,theunknownfactorsin

at .

a @3P is needed.Thisrela-
dn

geometricalrelationbetween
equations(A3)and(AL).Con-

siderfirsta sectionoftheflowas seenina meridianplane(fig.7).
Becausetheshockwaveiscurved,theinitialtangentsto thestream-
linesbehindtheshockwavechangealongtheshockwave. Theinitial
tangents,therefore,ifetiended,convergeto anenvelopeorfocus,in
thefocaldistanceF. Inthegeneralcase,thestreamtubeisnot
identicalwiththeexbendedinitialtangentsthatconvergeinthedis-
tance F, sincethestresmtubeiscurvedinthemeridianplane.If,
however,thestreamlineswerestraight,the.distanceF tothefocus
wouldbe oneofthefactorsthatdeterminetherateof changeof area
ofthestreamtube,asthisdistancewoulddefinethetaperofthe
stresm-tubeareainthemerictbnplane.Thetaperof a streamtubeas

.

—— ——
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seenin
element
ureU.

dtll 15

a meridianplaneis,however,nottheonlytaper.Consideran
of tiannularaxiallysymmetricstreamtubeas showninfig-
Thecross-sectionalareaoftheelementis

dA=dndb

Theelementtapersnotonlyinthemeridianplane,whichistheplane ‘
ofthenormal,butalsointheplaneofthebinormal.Inotherwords,
both dn and db varyalongthestreamtube. Thequantitydb is
proportionalto y as showninfigure11. Ifthecrosssectionunder
considerationweremovedawayfromtheshockwave, y tid db would
becomelarger.Ifthecrosssectionweremovedintheoppositedirec-
tion, db wouldbecomesmallerata ratethatwouldmakeitvanishat
theaxisof symet~. Thesideoftheelementintheplaneofthe
binormalthereforewouldtaperto anedgeorfocusattheaxisinthe

Thetotaltaperoftheelementof streamtubeismadeup ofthe
componentsintheplaneofthenormalandintheplaneofthebinomnal.
Thetotaltaperoftheelementcouldthenbe consideredashavingan
envelopedistanceT, andwouldbe givenby

. l_~+l_ ~—- -—
TF % A Cit (A6)

(wherestraightstreamlinesinthemeridianplaneareassumed). .

IfthelocalMachnumberintheelementof stresmtubewereunity,
thecross-sectionalareaoftheelementwouldbe constant,dA/dtwould
be zero andthenormalandthebinormaltaperswouldbe oppositeand
equal(F= -~]. At a Machnumberof 1 behindthe~hockwave,however,
d5/dcrisalmostequalto zerofora perfectgasandthedistanceF is
notequalto -~. Infact,F isgrdaterthan -~. In order,there-
fore,forthetaperintheplaneofthenormaltohavethecorrectvalue
of

-%=*

thestreamlinemusthavean initialconcavecurvatureattheshockwave,
as showninfigure12.
tubeandthetangentat
at a distancezdt from
thetaperdistanceTn.
therefore,that

Theinitialtangentononesideofthestream-
theoppositepointofthestreamtube,whichis
theshockwave,areetiendedandintersectat
Fora,Machnumberof 1 therequirementis,

Tn = -~

—....— —... .— . —-.—-_—-—— -- —— ~—-—- -—-—
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andthestreamlinesmusthavea curvaturetomeetthisrequirement.In
thegeneralcase,also,ofMachnumberotherth~ ~ity~ theen~eloPe
distancegivenby

attheshockwaveisnotthecorrecttaperintheplaneofthenormal}
butiseithertoolargeortoosmall,andthestresnilinemusthavean
initialconcaveor convexcurvature.Thecoqrponentoftaperinthe
meridianplaneisdefinedby-adifferentpairoftangentsfromtheini-
tialtangents.ThetaperisalwaysTm as shown,butinthegeneral
case Tn isnotequalto -Tb.

t
Therelationbetweentheradiusof curvatureR andthetaper ‘

distanceTn canhe obtainedfromfigureU?,asfollows:5 varies
bothalong CTandalongt. Theanglesubtendedby dt is ~ dt.

Theanglesubtendedby dn is db d~+~ dt.
dcr

Thetwotriangles

with ‘5 t asvertexanglearesimilar,thereford~d ,.

or

dt dn+Tn~da .
—=
R Tn

=~+db
n

*= ‘m(e- 8) ~ + Sec(e- 5) g

Thisrelationcannowbeusedto obtaintherelationbetweenl/R and
~ logA
at “

Xqqation(A6) cannowbe

1—= .-
Tn i,

rewrittenas

l_—- -—
%. A% +

sin5
Y

Therefore

= “[ 1’

tal(e -b) *+-+ CSC(G5)Q$
Y

(A7)

.

.

.,

.

—–-—— ___ _——— .— .
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alog~ thatwas. Equation(A7) istherelationbetweenl/R and at
neededto obtainanotherrelationbetweenthepressurederivativesby
usingequations(A3)and(A4).If l/R asgivenby equation(A7)is
substitutedinequation(A4),then

ra 10gP. .Y~tu(e . ~) * - ~
an A dt 1

+ CSC(G- 5)& (A8)

b logA iselwnatedIf at

Solutionof equations(A5)
suregives

betweenequations(A8)and(A3),then

(A9)

and(A9)forthetworatesof changeofpres-

I-

alogp= 71.?tan2(e- 5)

1

1 Cot(c-sinb , b)dlogp+
at 1- (M2-l)tan%-5) y 7R sin(e- b) da

. alogp= -@tan(G-b)

[
sfn~+~-lsec(G-b)d~p+

h 1- (1?-l)tan2(6-5) y 71?

Csc(e-
1

5)*

Byuseoftherelations

t

and

n= y sec8

%=g

.

..— —.-. ——. .—.— —.. .— .— —
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thepressurederivativescanbewritten

alogp= 7M%rl*(G- 5) ‘ tan5+
dt

n

.

.

I ncot(e-~)blogp+ri a8—.
1

Csc(e- t5)— (A1O)
7# % sin(e- 5) ae G a~

alogp= +F’tan(e - 5)
a10gn

11- (M?- l)tan*(.- ,) ‘= ‘ +

1
~ - l.Qsec(. - 8)a~.p+J&CSC(6-~)~ (All)

. 7# %

Thenextstepisto findthedirectioninwhich dp iSzero.This
directionisthatalongwhichthecomponentsofthetangentialandthe
normalpressurederivativesareequalinmagnitudeandoppositein sign.
If 19pistheanglebetweenthisdirectionandthex-axis,then

a10gpto -a:n.
(tanep- 5) isgivenbytheratioof

.

at Therefore

(A12)

Theproblemthathasbeensolvedhereinforaxiallystietricflow
haspreviouslybeensolvedby LinandRubinov(reference6) forplane
flow.Reference6 alsogivesthefundamentalequationsforconservation
ofmass,momentum,andener~ insxiallysynmetricflow.As a checkon
theresultsobtainedinthepresentpaper,e~ations(A1O)~d (All),
thepresentauthorshavedonethefollowing:By startingwiththe
fundamentalconservationequationsforaxiallysymmetricflowasgiven
inreference6, andbyusingonlyalgebraicmanipulation,aswasused
inreference6 fortheplanecase,emressionsforthetwoPressure
derivativeswereobtained.Theseexpressionswereidenticalwiththose ~
derivedinthepresentpaperasequations(AIO)and(All).

.— .. —.—— ——————— — —--— —..
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Theexpressionsforprqssurederivativesareconvertedinto
expressionsford.ensity andMachnumberderivativesbytskinginto
accountchangesinentropy:

But

Therefore

logp=g +ylogp

( )ds=-cp-cvloglz

logP=-(7-l)log II+

a10gP=Aalogp+7-1
at 7 at Y

a log ~ is zero.Tangentto a streamline,at
.

alogp M%n2(e-5)—=
at

[1- (1’?-Jtan’(.-,)‘=8+T

7 logp

alogKC
at

TherefoH

19

1 ncOt(G-b)alOgp+n 1a~—— Csc(e- 5)— (A13)
7& ~ sin(e- 5) ae ~ b6

.

I

. ..-— ______ ..— --—_ ___ ___ ——. —
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Normalto a streamline,

alog~ la~ogp+y-lalogm
a10gn

=.— —
7b10gn Y alogn

Ialogp+y-l=.— — nblogrt
7b10gn Y

Csc(e - b) —
~ a~

M%n(e - 5)=-

[

ta115+&-1n*e(2(, b)alOg P——
1- (1?- l)tan2(G- 5) $J? %-r+

Equations(A13)and(A14)givethe
normalto a streamline.Figure13
vativeSwith x/D.

.

(A14)
% ~’

densityderivativestangentand
showsthevariationofthetwoderi-

.

-— —
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The angle of the contour of constant density is then given by the equation s
*

%y sin(~
!3

tall(,,. q
-8) sin 8++ cot(e -8) w-+= IO

“%?
s

tan(6-8) $.1 b logp+&j 7-1 1- (~-l)@2(G -8) b 10f3II
P

~ sin(~-8)sin8+— tan(e-8) —-—
7$ aG as 7 Il?tan(d.8) aG

(U5)

Thevari8tionof OP with x/D is shown in figure 14. Furthermore

L

PB=P (1 + Z# $)7-1

and therefore

-11++-M2
dlogM=

c

yk?

COIISeqU!3nt~ the ho Mach number deriT8tiVeB are

(d log II - d log P)

10
P



( 7-1
— M’)tm(, - ‘9)

blog M= ‘-+ 2

[

~~5+&-ln,ec(e ~)alo~P+
a log n 1- (h? - l)tan’(, - 5) >< - a6

Then

was

(m6)

Foruseinthefinalequations(A14)to (A16),thevalueor d fora givenvalue of
found fran the eguation

P/~

Then the corree~nti~ value of x was found fmnn figure 3, y, from fi~ 2, and ~, frum Q
n>

r
c
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figure5. Thevalueof n isgivenby n = y sec5. Thevalueof M
wasobtainedfromtheequation

M?=cscp(e-5)
2+(7- 1)~2sin2e

27~2f3in2c- (7- 1)

andthevalueof 8,fromtheequation

Fromthetheoryofobliqueshockwaves,fu.rthermon,

P— = + ~2sin2c--
I@

(A17)

(u8)

Thederivativeswithrespectto e thatappearinequations(A14)
to (A16)werefoundby differentiatingequations(A17)to (A19):

Q . sin2~
[

(7+ l)~4sin2e
de

(%2~in2~- 1 2 -
)

()Z& l&.ec2E
+ sec2e

~2sin2c-1

dlogp= 2y~2sin~ cos

de -1y~2sin2e- ~

d logII 27 2sine cose

(

1
---@%de ‘7- ~2sin26-

1

2 ~ + ~2sin2e
7-

—.. —— ——— —.— —— _—
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DETERMUWTION

.

.

.
VARIABLESFROMDENSITY

Theflowfieldbehindthecurvedshockwave(fig.2) isrotational.
Thevariationintheslopeoftheshockwaveisknown(fig.3),however,
asisthedensityintheflowfield(fig.6). Theproblemis,todeter-
mine,fromtheseknownquantities,thestreamlinesandthevaluesof
flowvariablesotherthandensity.Themethodthatwasusedwasto
chooseanelementof arcontheshockwaveyto calculatetheaver%e
changein stagnationdensityacrosstheelementof arc,andthento con-
structthestreamtubestepby stepin sucha waythatcontinuitywas
satisfied.Thecross-sectionalareaof an annularstresmtubeis

A=2~An

Continuityrequiresthattheequation

be satisfied.
Machnumberby

inwhich asla

POVOYO(An).
yh= pv

ThevelocityV canbe expressedintermsofdensityand
meansoftheequation

v= Mas~~

isgivenby

%3_ ( )21$1/2
a

~+7-

inwhich as isa constantandinwhich M is

1

(PG_l+7-1 =
P $)2’

givenby

.

where PS is a functionoftheshock-waveangleandfree-streamcon-
ditions.ThequantityyAn canconsequentlybe expressedinterms
ofknownquantitiesinthefreestresm,theshock-waveangle,andden-
sitybehindtheshockwaveat An.

If onesideof a streamtubeiskmmm, theothersideCm be
located.Firstjtheothersideisdrawnapproxhately.Then,the
centerlineofthestreamtubeisdrawnapproximately.Withtheknown

.

!,

.

—. . ——._. _.—.
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valueof densityandthemeasuredvalueof y attheintersectionof
thecenterlineanda down conto~of constantp PO,thevalueof bI
iscalculated.Thena lineperpendiculartothecenterlineisdrawn
throughthepoint.Where‘thislineintersectstheknownsideofthe
stresmtube,thevalueof y ismeasuied.Onehalfofthevertical
projectionofthecalculated~ isaddedto thisvalueof y to give
a closerapproximationof y forrecalculatingAn. Thenew An is
usedto obtaina betterapproximationfor y andso-onuntiltheprocess
converges.

Theprocedurewasto obtainfirstthestre”amtubeadjacenttothe
sxisof symmetryandthesurfaceofthesphere.Theotherstreamtubes
werethanlocatedby applyingto eachinturntheprocessdescribed.A
checkwhichshowedthatanycumulativeerrorswerenegligiblysmallwas
thefactthatthemethodgavedeflectionanglesofthestre@inesat
theshockwavethatagreedwell,withthetheoreticalvalues.

-..
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